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Abstract 
Surface deviations of parts have vital impact on the function and performance of products, and should be controlled in manufacturing. 
Deviation representation facilitates the analysis of product function and performance, as well as the control of manufacturing process. In this 
paper, a novel deviation representation method for cylindrical surface is proposed. Instead of the Cartesian coordinate system, a two-
dimensional curvilinear coordinate system is established on the ideal cylindrical surface to represent the surface. By adding a deviation 
dimension in the curvilinear coordinates, a deviation coordinate system is constructed to represent the non-ideal cylindrical surface. The data 
mapping between the two coordinate systems is presented and typical cylindrical surfaces with deviations are provided as examples to illustrate 
the formulated deviation representation approach. 
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1. Introduction 
Surface deviations of parts inevitably occur in the 
manufacturing process and affect the assemblability as well as 
functional compliance of products. As a result of these 
deviations, manufactured part surfaces, named non-ideal 
surfaces in this study, will deviate from their ideal (i.e. 
designed and intended) geometry, here named nominal 
surfaces. The need to predict and manage the deviations is an 
important issue in product design, tolerance synthesis and 
assembly simulation [1, 2].  
The tolerance specification on parts specifies the allowable 
range of surface deviations. However, in order to know the 
extent of deviations of the non-ideal surface from its nominal, 
various methods for the construction of non-ideal surfaces and 
the representation of deviations have been proposed [3-5].  
A number of researches on surface deviations have been 
made from the point of view of geometrical product 
specifications. GeoSpelling proposed by Ballu and Mathieu [6] 
built a coherent and complete representation scheme to 
manage the geometrical variations [7]. The Skin Model 
Shapes have been established with systematic deviations and 
random deviations [8-10]. On the other hand, some 
researchers have adopted a skin surface and FEA-based 
approaches to simulate non-ideal surfaces. Kruithof and 
Vegter attempted to approximate an arbitrary surface with a 
skin surface, in which the approximation is homeomorphic to 
the skin surface and the Hausdorff distance between the two 
surfaces is arbitrarily small [11]. Beyond that, Samper et al. 
proposed to parameterize forms by building a geometrical 
model based on the modal shapes of the ideal surface [5]. 
 The representation of deviations could be established by 
calculating the distances of corresponding point pairs between 
the non-ideal surface and the nominal surface. Many 
techniques have been proposed to represent the deviations 
[12,13]. Koch and Meerkamm attempted to visualize the 
difference between the nominal parts and non-ideal parts with 
color coding and texturing [14]. Also in Ref. [10], a color 
scale technique was utilized to reflect the computed 
deviations. Stoll et al. presented an approach that allows to 
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visualize the surface deviations [15]. But the aforementioned 
methods are still lacking in an intuitive representation of the 
deviation of non-ideal surface. 
 Considering the wide application of cylindrical surfaces in 
assembly structures, such as pin-and-hole connections, this 
paper studies the representation of non-ideal cylindrical 
surfaces based on a novel deviation coordinate system. The 
deviation coordinate system is constructed on the nominal 
cylindrical surface by adding a deviation dimension on the 
curvilinear coordinate system, which facilitates the 
description of non-ideal cylindrical surfaces. 
2. Establishment of deviation coordinate system for 
cylindrical surfaces 
2.1 Definition of deviation 
Because of the influence of manufacturing factors, such as 
part rigidity, positioning error, tool wear, etc. the 
manufactured parts have unavoidable variations from their 
nominal geometries. Consider a turning process in a lathe 
machine: if the part has less rigidity, the machined cylindrical 
surface may appear to be large in two ends while smaller in 
the middle, which resembles a concave. If positioning error 
exists, then an elliptic cylindrical surface may appear. If tool 
wear is detected in the machining process, the produced parts 
may result in a cone shape. The variations on the part surfaces 
will influence both the performance and the assemblability of 
products.  
To understand the quantitative impact of variations on the 
performance of the product and its assemblability, 
experimental and simulation methods should be adopted to 
test the assembly with the manufactured surfaces. 
Distinguished from the nominal surfaces created by the CAD 
software, the manufactured surfaces are non-ideal and 
incorporate deviations. 
In order to represent a non-ideal surface, all the points on 
the non-ideal surface can be recognized as points deviated 
from the nominal surface. To facilitate the evaluation of the 
difference between the points on both the non-ideal surface 
and the nominal surface, a deviation value G  is defined to 
represent the relationship between the two surfaces. G  is the 
function of the point P  on the nominal surface, which can be 
expressed as: 
                         ( )f PG                                          (1) 
Where G  is a vector, for a cylindrical surface, the direction 
of G  is consistent with the direction of the radius that goes 
through P , and its value is the distance between P  and the 
corresponding point on the non-ideal surface. For any point P  
on the nominal cylindrical surface, the corresponding vector 
P +δ  defines the point belonging to the non-ideal cylindrical 
surface. Therefore, the non-ideal cylindrical surface is the 
superposition of the nominal cylindrical surface and the 
deviations. 
That is, the deviation denotes the difference between the 
manufactured surface and its design state, namely, the shifting 
of the non-ideal cylindrical surface from the nominal 
cylindrical surface, and the shifting can be detected on each 
point of the non-ideal cylindrical surface. 
2.2 Creation of curvilinear coordinate system for cylindrical 
surfaces 
In Cartesian coordinate system, coordinates of every point 
on the nominal cylindrical surface are three-dimensional and 
constrained by the parametric formula of the surface. In order 
to simplify the representation of the point on the nominal 
cylindrical surface, a two-dimensional curvilinear coordinate 
system is proposed in this paper. Every point on the nominal 
cylindrical surface can be represented by two coordinates 1q  
and 2q  compared with the coordinates  , ,x y z  in a Cartesian 
coordinate system. The Cartesian coordinates of any point is 
then a function of the two variables 1q  and 2q : 
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The relationship between the curvilinear coordinate system 
1 2( , )q q and the Cartesian coordinates  , ,x y z  is shown in 
Fig.1. The 1q  in the curvilinear coordinate system is on the 
surface of the cylindrical surface along the generatrix of the 
cylinder, while 2q  is along the circular direction of the 
cylinder. The coordinates 1q  and 2q represent the height and 
the circumferential position of a point respectively. 
 
 
Fig. 1 The relationship between the two coordinate systems 
2.3 Representation of deviation coordinate system 
According to the definition of deviation, the direction of G  
is the direction of the radius of the cylindrical surface. 
Therefore, the directions of 1q , 2q  and G  are orthogonal and 
together form the deviation coordinate system 1 2( , , )q q G . The 
non-ideal cylindrical surface can be defined in this deviation 
coordinate system by the deviation function 1 2( , )f q qG  . 
The point Pc  calculated by 1 2( , )f q qG   is a point on the 
non-ideal cylindrical surface, and G is the distance between 
the point Pc  and the corresponding nominal point 1 2( , )P q q .  
The characteristics of this description of non-ideal surface 
in deviation coordinate system can be summarized as follows: 
a) The non-ideal cylindrical surface is still a two-
dimensional surface described by the function 
1 2( , )f q qG   in the three-dimensional deviation 
coordinate system 
b) The model of the deviation of the non-ideal 
cylindrical surface described by 1 2( , )f q qG   is called 
the “deviation model” 
[
]
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c) If G  equals 0 for all the points, the non-ideal 
cylindrical surface yields to its nominal, and there is 
no deviation 
d) If G   equals d  for all the points, and d  is a constant, 
then the non-ideal cylindrical surface has the same 
geometrical shape as the nominal surface, thus only a 
dimensional deviation exists 
e) The deviations are represented through a function, 
rather than a numerical value 
With the establishment of the curvilinear coordinate 
system, the nominal cylindrical surface can be regarded as a 
two-dimensional surface. By adding a deviation dimension, 
deviation coordinate system and the deviation model of the 
non-ideal cylindrical surface are constructed. 
3. Numeric mapping of the Cartesian coordinate system 
and curvilinear coordinate system 
In order to analyze the numeric mapping between the 
Cartesian coordinate system and curvilinear coordinate 
system, an example of the elliptic cylindrical surface is 
considered. As mentioned above, the points on the non-ideal 
cylindrical surface can be defined by 1 2( , , )q q G  in the 
deviation coordinate system. Fig. 2 gives a cross-section view 
of both the nominal geometry of a cylinder and its non-ideal 
geometry, in which the projection of the points from the non-
ideal cylindrical surface on the curvilinear coordinate system 
is also indicated. 
 
 
Fig. 2 Projection of the non-ideal surface on the curvilinear coordinate system 
In this figure, the curvilinear coordinate system and 
Cartesian coordinate system are illustrated. The axes 1q  and 
z  are perpendicular to the cross-section. The point 1 2( , )P q q  
on the nominal surface is the projection of the point Pc , and 
the distance G  between these two points is the deviation of 
the point Pc  from the point P . The transformation of point P  
between the Cartesian coordinate system and curvilinear 
coordinate system is defined as: 
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Where r  is the radius of the nominal cylindrical surface. 
Therefore, the point Pc  could be represented by 1 2( , , )q q G  in 
the deviation coordinate system. 
4. Illustrative examples  
In order to address the advantage of the proposed 
curvilinear coordinate system for cylindrical surfaces, a 
cylindrical part with form tolerance is selected to demonstrate 
the examples of their deviation distribution shapes and values 
in the deviation coordinate system. As has been discussed in 
Section 2.1, influenced by various manufacturing factors, the 
surface of cylindrical parts may result in several typical modal 
shapes, as shown in Table 1. In the following sub-sections, 
four of the modal shapes in Table 1 are selected as examples 
to present the non-ideal cylindrical surface of the part: taper, 
ellipse, concave and banana. Points are selected on each of 
these modal shapes in the Cartesian coordinate system and the 
deviations and coordinates are calculated and plotted in the 
deviation coordinate system. 
Table 1 Typical modal shapes of cylindrical surfaces 
Ellipse Taper Convex Concave Banana 
    
4.1 Example 1: the tapered surface 
The first example illustrates the non-ideal cylindrical 
surface of the cylinder with a tapered surface (Fig. 3). Among 
the background that the Cartesian coordinate system and 
curvilinear coordinate system are constructed for the non-
ideal surface respectively. The Cartesian coordinates  , ,x y z  
of certain points on the tapered surface are listed in Table 2. 
Table 3 gives the curvilinear coordinates  1 2,q q  of the points 
as shown in Table 2 and their deviations G  from the nominal 
position. Moreover, Fig. 4 plots the relationship between G  
and  1 2,q q . 
Table 2 Cartesian coordinates of sample points for the taper 
Cartesian coordinate  , ,x y z  
x  y  z  
20 0 0 
-15.3209 -12.8558 0 
-3.47298 19.69625 10 
18.79404 6.840471 20 
-3.473 -19.6964 20 
-15.3211 12.85595 30 
18.79423 6.84054 40 
-3.47303 -19.6965 40 
-10 17.32094 50 
20 0 50 
… … … 
 
Nominal
surfaceNon-ideal
surface
q2
O´
O
x
y
P´P
δ
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Fig. 3 Tapered surface 
Table 3 Curvilinear coordinates of sample points and their deviations for the 
taper 
Deviation coordinate 1 1( , , )q q G  
1q  2q  G  
0 0 0 
0 76.79449 0 
10 34.90676 0.004 
20 6.981387 0.008 
20 90.75803 0.008 
30 48.86995 0.012 
40 6.981457 0.016 
40 90.75894 0.016 
50 41.88895 0.02 
50 125.6668 0.02 
… … … 
 
 
Fig. 4 Deviations distribution of the tapered surface 
As shown in Fig. 4, the deviation function of the tapered 
surface appears to be a plane in the deviation coordinate 
system. The deviation increases along with the increase of 1q  
and reaches its maximum of 0.02 when 1q  is at 50, while stays 
unaffected by 2q . 
4.2 Example 2: the elliptic surface 
The second example illustrates the non-ideal surface of the 
cylinder with an elliptic surface (Fig. 5). The two coordinate 
systems are set up in the same way as the first example. The 
Cartesian coordinates  , ,x y z  of certain points on the non-
ideal surface are listed in Table 4. Table 5 also makes a list of 
the curvilinear coordinates 1 2( , )q q  of the corresponding 
points and their deviations G . Fig. 6 plots the relationship 
between G  and 1 2( , )q q . 
 
 
 
 
 
 
 
Table 4 Cartesian coordinates of sample points for the ellipse 
Cartesian coordinate  , ,x y z  
x  y  z  
20 0 0 
-15.3362 -12.8429 0 
-3.47644 19.6764 10 
18.8126 6.83356 20 
-3.47643 -19.6765 20 
-15.3362 12.8429 30 
18.8126 6.83356 40 
-3.47644 -19.6764 40 
-10 17.3032 50 
20 0 50 
… … … 
 
 
Fig. 5 Elliptic surface 
Table 5 Curvilinear coordinates of sample points and their deviations for the 
ellipse 
Deviation coordinate 1 1( , , )q q G  
1q  2q  G  
0 0 0.02 
0 76.7945 0.003483 
10 34.90659 -0.01879 
20 6.98132 0.015325 
20 90.75712 -0.01879 
30 48.86922 0.003483 
40 6.981317 0.015325 
40 90.75712 -0.01879 
50 41.8879 -0.01 
50 125.6637 0.02 
… … … 
 
 
Fig. 6 Deviations distribution of the elliptic surface 
As illustrated in Fig. 6, the deviation function of the elliptic 
surface appears to be as the shape of “W”, and the two 
maxima 0.02 and minima -0.02 are detected on both ends of 
the major and minor axes of the ellipse along 2q . Therefore, 
the variation of the deviation function is relevant to 2q  but is 
not concerned with 1q . 
4.3 Example 3: the concave surface 
The third example is illustrated with a concave surface 
(Fig.7). Table 6, Table 7 and Fig. 8 are organized in the same 
way as the previous examples. 
δ
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m
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Table 6 Cartesian coordinates of sample points for the concave 
Cartesian coordinate  , ,x y z  
x  y  z  
20 0 0 
-18.7939 -6.8404 0 
-15.321 -12.856 10 
3.473 19.6964 20 
10 -17.3207 20 
-18.7941 -6.8405 30 
20 0 40 
-3.473 -19.6965 40 
-10 17.32094 50 
20 0 50 
… … … 
 
 
Fig. 7 Concave surface 
Table7 Curvilinear coordinates of sample points and their deviations for the 
concave 
Deviation coordinate 1 1( , , )q q G  
1q  2q  G  
0 0 0 
0 69.813 0 
10 83.775 -0.0064 
20 41.8874 -0.0096 
20 118.681 -0.0096 
30 90.756 -0.0096 
40 27.925 -0.0064 
40 118.6814 -0.0064 
50 76.7945 0 
50 125.6668 0 
… … … 
 
 
Fig. 8 Deviations distribution of the concave surface 
In Fig. 8, the deviation function of the concave surface 
appears to be a quadric surface, whose variation is only 
related to 1q . Along with the increase of 1q , the deviation 
shows a descending trend at first and then turns to ascend, 
reaching its minimum value -0.01 when 1q  is at 25, half the 
height of the concave surface. 
4.4 Example 4: the banana surface 
The fourth example is illustrated with a banana surface 
(Fig. 9). Table 8, Table 9 and Fig. 10 are organized in the 
same way as the previous examples. 
Table 8 Cartesian coordinates of sample points for the banana 
Cartesian coordinate  , ,x y z  
x  y  z  
20 0 0 
16.18 11.756 5 
6.18 19.02 10 
-14.1421 14.1421 18.75 
-20 0 25 
-17.82 -9.08 28.75 
-9.08 -17.82 33.75 
3.1287 -19.751 38.75 
11.756 -16.18 42.5 
20 0 50 
… … … 
 
 
Fig. 9 Banana surface 
Table 9 Curvilinear coordinates of sample points and their deviations for the 
banana 
Deviation coordinate 1 1( , , )q q G  
1q  2q  G  
0 0 0 
5 12.566 0.0058 
10 28.2743 0.002 
18.75 47.124 -0.0133 
25 62.832 -0.02 
28.75 72.257 -0.0174 
33.75 84.823 -0.008 
38.75 97.39 -0.0022 
42.5 106.814 0.006 
50 125.6637 0 
… … … 
 
 
Fig. 10 Deviations distribution of the banana surface 
In Fig. 10, the deviation function of the banana surface 
appears to be a surface in the deviation coordinate system, 
whose variation is related to both 1q  and 2q . The maximum 
value 0.02 is reached when 1q  is at 25 and 2q  is at 0, and the 
minimum value -0.02 is reached when 1q  is at 25 and 2q  is at 
62.832. 
In the above examples, through the representation of the 
deviations in the deviation coordinate system, the distribution 
of deviations in the non-ideal cylindrical surfaces, as well as 
the deviation values of each point on these surfaces can be 
identified. Also, it can be known from these examples that in 
the Cartesian coordinate system, only the coordinates of the 
points on the non-ideal surfaces can be obtained, while their 
δ
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δ
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deviations from corresponding points on the nominal surface 
cannot be directly represented. However, in a curvilinear 
coordinate system, both the coordinates and the deviations of 
the points can be directly obtained, based on which further 
research on tolerance synthesis and assembly simulation can 
be done in a more convenient way. 
5. Conclusion 
In this paper, a novel deviation representation method for 
cylindrical surface is proposed. In this method, by adding a 
deviation dimension based on the curvilinear coordinate 
system established on the ideal cylindrical surface, a deviation 
coordinate system is constructed to represent the deviations of 
the non-ideal cylindrical surface. 
In the proposed coordinate system, the deviation of the 
non-ideal surface is defined as a function of the two 
curvilinear coordinates of the points on the nominal surface, 
thus the form and magnitude of the deviations could be 
directly reflected through the definition of the function. This 
approach facilitates the explicit and convenient representation 
of non-ideal surfaces, and lays the foundation for future 
researches on the sampling and assembly simulation of non-
ideal surfaces. 
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